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PROCEDURES 
FOR  CAPITAL  BUDGETING 


UNDER  UNCERTAINTY1 


By  Stewart  C.  Myers 


I.   INTRODUCTION  AND  SUMMARY 

The  theory  of  capital  budgeting  under  uncertainty  is  in  a  state 
of  unusual  flux,  and  none  of  the  techniques  advocated  by  different 
authors  can  be  advertised  as  general.   However,  it  is  not  difficult 
to  identify  two  distinct  approaches  among  the  various  proposals. 

1.   Vary  the  hurdle  rate  to  adjust  for  project  risk. --Perhaps 
the  most  widely  adopted  rule  is  to  accept  a  project  if  its  net 
discounted  present  value  is  positive.   If  project  B  yields  a  stream 
of  expected  returns  B(t),  and  P(B)  is  the  cost  of  capital  appro- 
priate to  projects  with  B's  risk  characteristics,  then  net  present 

3 
value  (NPV)  at  time  t  =0  is 


oo 
(1>  NPV  =  2  SttL.  +  B 

t=i  a+ pc*))1 


(0). 


The  initial  cash  flow  B(0)  will  typically  be  an  investment,  and  thus 
negative. 

This  rule  is  usually  justified  by  the  objective  of  maximizing 
shareholders'  wealth,  as  measured  by  the  market  price  of  the  firm's 


stock.  Accordingly,  the  cost  of  capital  is  defined  as  the  minimum 
expected  rate  of  return  on  a  project  (with  given  risk  characteristics) 
such  that  share  price  is  increased  by  the  project's  adoption.   The 
cost  of  capital  is  thus  used  as  a  hurdle  rate,  with  the  height  of 
the  barrier  depending  on  the  risk  characteristics  of  the  project 
compared  with  those  of  alternative  investments  open  to  shareholders. 
It  is  easy  to  point  out  deficiencies  in  this  "NPV  approach"  -- 
for  instance,  most  authors  are  conspicuously  vague  about  how  to 
measure  the  hurdle  rates  appropriate  to  projects  with  different  risk 
characteristics.   The  important  point  for  our  purposes,  however,  is 
that  the  NPV  approach  presumes  projects  to  be  risk-independent. 
That  is,  it  presumes  that  the  value  of  project  B  does  not  depend  on 
the  risk  characteristics  of  the  firm's  existing  assets,  or  of  other 
investments  the  firm  may  undertake, 

2.   Treat  capital  budgeting  as  a  problem  of  portfolio  selection. -- 
The  framework  for  portfolio  selection  originally  presented  by 
Markowitz  [10]   [11]  is  now  well-known  and  widely  accepted,  although 
difficulties  in  assembling  data  and  performing  the  required  calcula- 
tions have  limited  its  use  in  practice.   The  similarity  between  the 
tasks  of  portfolio  selection  and  capital  budgeting  has  led  Lintner, 
among  others,  to  conclude  that  "the  problem  of  determining  the 
best  capital  budget  of  any  given  size  is  formally  identical  to  the 
solution  of  a  security  portfolio  analysis."   Several  adaptations 


of  portfolio  selection  techniques  to  capital  budgeting  problems 
have  been  presented.   Although  the  process  of  adaptation  is  not 
easy,  the  difficulties  involved"  have  been  viewed  as  evidence  that 
capital  budgeting  is  simply  a  harder  problem — not  that  the  basic 
approach  is  misconceived. 

The  portfolio  selection  approach  is  fundamentally  different 
from  use  of  a  variable  hurdle  rate  in  that  it  presumes  projects 
to  be  risk-interdependent.   In  Markowitz's  framework,  the  value  of 
a  security  to  an  investor  depends  not  only  on  the  expectation  and 
variance  of  its  return,  but  also  on  the  covariances  of  its  return 
with  returns  on  other  securities.   By  analogy,  it  is  assumed  that 
the  value  of  a  capital  budgeting  project  depends  on  the  covariances 
of  its  return  with  the  returns  to  other  activities  which  have  been 
or  may  be  undertaken  by  the  firm. 


I  think  it  fair  to  say  that  the  portfolio  selection  approach 
is  generally  considered  superior  by  academic  writers  precisely  be- 
cause it  deals  with  this  presumed  risk-interdependence.   However,  it 
has  never  been  established  that  projects  are  risk-inderdependent, 
assuming  that  the  objective  is  to  maximize  share  price. 

This  is  the  central  question  to  be  investigated  in  this  paper. 
I  propose  that  capital  budgeting  projects  are  risk-independent, 
and  thus  that  procedures  using  a  variable  hurdle  rate  are  entirely 


appropriate  from  a  theoretical  standpoint. 

The  paper  is  organized  as  follows.   In  Section  II,  I  define  risk- 
independence  more  precisely  and  set  out  the  time-state-preference  model 
of  security  valuation  within  which  the  argument  is  framed.   In  Section  III, 
risk- independence  is  shown  to  be  a  necessary  condition  for  security  market 
equilibrium.   Various  assumptions  are  required  to  reach  this  conclusion, 
but  I  do  not  regard  them  as  unduly  restrictive.   A  corollary  result  is 
also  established:   that  mergers  undertaken  solely  for  purposes  of  diversi- 
fication cannot  benefit  all  the  shareholders  of  the  merged  firms.   A  sum- 
mary of  implications  and  topics  for  further  research  concludes  the  paper. 

II.   BACKGROUND  AND  DEFINITIONS 
Defining  Risk  Independence 

Consider  the  capital  budgeting  problem  of  a  firm  faced  with  the 
investment  opportunities  B  and  C.   Assume  that  B  and  C  are  not  mutually 
exclusive,  that  capital  is  not  titioned,  r>nd  that  the  firm  is  all-equity 
financed.   The  firm's  objective  is  to  maximize  the  sum  of  (1)  ex-dividend 
share  price  at  t  =  0  and  (2)  the  dividend  paid  at  t  =  0.   We  assume 
that  the  reductions  in  current  dividends  required  to  finance  projects 
A  and/or  B  are  known  with  certainty,  so  that  the  capital  budgeting 
decision  hinges  on  ex-dividend  share  price. 

We  will  refer  to  the  possible  decisions  as  A,  AB,  AC  and  ABC, 

where : 

A  implies  acceptance  of  neither  project; 

AB   "       "       "  B  only; 

AC   "       "       "  C  only,  and 

ABC  "       "       "  both  B  and  C. 


The  share  prices  contingent  on  the  decisions  are  P^,  ^AB^  **AC  an(* 

PABC- 

The  accept  or  reject  decisions  for  projects  B  and  C  may  be  made 

independently  if 


(2)  P    -  P  =  P    -  P 

1  ;  AB    A    ABC    AC  * 


That  is,  independence  requires  that  the  increment  in  share  price 
due  to  acceptance  of  project  B  is  not  changed  if  C  is  also  accepted. 

A  necessary  condition  for  Eq.  (2)  to  hold  is  that  the  various 
alternatives  are  physically  independent.   That  is,  whether  project  B 
is  adopted  must  not  be  one  of  the  factors  determining  the  actual 
cash  flows  generated  by  project  C  or  the  firm's  present  assets.   The 
meaning  of  this  condition  may  be  better  appreciated  by  thinking  of 
the  returns  on  the  j   and  k   securities,  which  are  physically  in- 
dependent (from  the  investor's  viewpoint)  in  just  this  sense.   Al- 
though the  securities'  returns  may  be  statistically  related,  the 
actual  future  prices  and  dividends  of  security  j  are  not  affected 
by  whether  the  investor  buys  security  k. 

From  this  point  on  we  will  assume  that  all  projects  are  physi- 

g 
cally  independent.   Given  this  proviso,  Eq.  (2)  becomes  a  suffi- 
cient condition  for  risk- independence.   Note  that  there  are  no 
restrictions  on  the  correlations  among  returns  on  B,  C  and  the  firm's 
existing  assets,  or  on  any  other  risk  characteristics  of  the  various 
options. 


Security  Valuation  Under  Uncertainty 

As  Eq.  (2)  indicates,  risk-independence  requires  a  particular 
relationship  of  a  security's  market  price  to  the  risk  characteristics 
of  its  returns.   Therefore,  any  proof  or  disproof  must  be  based  on 
a  theory  of  security  valuation.   In  the  remainder  of  this  section, 

the  relevant  characteristics  of  a  time-state-preference  model  are 
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presented.   The  model  is  discussed  in  detail  in  another  paper. 

Consider  the  stream  of  uncertain  returns  [A(l),  A(2),  .  .  .  , 

A(t),  .  .  .  ],  where  A(t)  is  the  dividend  per  share  paid  by  a 

hypothetical  firm  in  period  t  if  alternative  A  is  taken.   There 

are  two  ways  to  describe  the  uncertainty  inherent  in  this  stream. 

« 
One  is  to  estimate  probability  distributions  in  order  to  compute 

measures  such  as  the  mean  and  variance  of  A(t)  and  the  covariances 

of  A(t)  with  returns  on  other  projects  or  securities. 

The  other  procedure  is  to  associate  a  particular  dividend  with 
each  of  a  set  of  states  of  nature  which  may  occur  at  specified 
times.   Suppose  that  for  t  =  1  there  are  100  possible  states,  in- 
dexed by  s.   Then  the  actual  dividend  in  period  t  =  1  will  be 
one  element  of  the  set  /a(1,1),  .  .  .  ,  A(l,s),  .  .  .  ,  A(l,100)  /  . 
This  set  describes  the  particular  bundle  of  contingent  payments 
(for  t  =  1)  which  the  investor  obtains  when  he  purchases  one  share 
at  t  -  0. 

This  "time-state-preference"  framework  will  be  used  in  what 
follows.   First,  however,  the  characteristics  of  the  set  /(s,t)  I 


of  possible  future  states  of  nature  must  be  specified  with  care. 

It  is  not  sufficient  simply  to  say  that  "a  state  of  nature  is 
a  particular  sequence  of  events/'  since  the  concept  "event"  may 
be  defined  in  a  literally  infinite  number  of  ways.   For  instance, 
each  of  the  following  specifications  of  s(l,l)  is  reasonable  in  an 
appropriate  context. 

1.  s(l,l)  ^    GNP  rises  next  year. 

2.  s(l,l)  >  GNP  rises  and  GM  raises  its  dividend. 

3.  s(l,l)  >.  GNP  rises,  GM  raises  its  dividend  and 

faculty  salaries  at  State  U.  rise  by 
ten  percent  or  more. 

It  is  evident  that  cases  1,  2  and  3  reflect  successively  finer 
partitions  of  the  "complete"  set  of  event-sequences.   For  our  pur- 
poses, it  is  sufficient  that,  for  each  period  t,  a  state  of  nature 
can  be  associated  with  each  possible  sequence  of  returns  on  (1) 
available  securities  and  (2)  the  projects  B  and  C.   We  will  assume 
that  all  investors  have  such  a  catalogue  in  mind. 

Therefore,  given  the  decision  to  accept  projects  A,  B  or  both, 
and  given  that  the  contingency  (s,t)  occurs,  we  know  the  sequences 
of  returns  paid  by  the  j   and  k   securities:   Rj(s,l),  Rj(s,2), 
.  .  .  ,  Rj(s,t)  and  Rk(s,l),  Rk(s,2),  .  .  .  ,  Rk(s,t).   State  s  +  1 
might  be  associated  with  the  same  sequences  of  returns  on  all  se- 
curities except  k,  for  which  Rk(s+1,  T  )  =  RfcCs,!;)  +  $1.00  for 
"tT  =  1,  2,  .  .  .  ,  t.   The  catalogue  of  states  exhausts  all  such 
permutations.   Also,  since  we  will  consider  only  the  time  span  from 


t  =  1  to  a  distant  horizon  period  at  t  =  T,  the  set  of  possible  state- 
time  combinations  is  finite  and  exhaustive  with  respect  to  possible 
sequences  of  security  returns. 

Given  a  security's  contingent  payments  and  the  attitudes  and 
strategies  of  investors,  the  risk  of  a  security  is  inherent  in  the 
pattern  of  its  returns  across  the  possible  future  states  of  nature. 
The  risk  characteristics  of  a  security,  therefore,  are  those  character- 
istics of  this  pattern  which  affect  the  value  of  a  security  to  in- 
vestors. 

Assume  perfect  capital  markets,  that  taxes  can  be  ignored,  that 
short  selling  is  prohibited,  and  that  the  value  of  a  security  can 
be  expressed  solely  as  a  function  of  the  size  and  risk  character- 
istics of  its  stream  of  cash  returns.   Let  securities  be  indexed  by 

k  and  investors  by  i.   Then  the  equilibrium  of  security  markets  re- 
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quires  that: 

(3)  Pk2:  £qi(s,t)Rk(s,t), 

for  all  i  and  all  k,  where 


t)  _  771(8,0^(8,0 

ll(  '  '  " uT(0) 


The  variables  used  in  Eq.  (3)  are  defined  as  follows: 


P^  =  the  equilibrium  price  of  security  k; 
R  (s,t)  =  the  cash  return  paid  by  the  kth  security  in  (s,t); 

K 

TT.  (Sjt)  =  the  ith  investor's  assessment  of  the  probability 
that  state  (s,t)  will  occur; 

U.'(s,t)  =  the  marginal  utility  to  the  i   investor  of  income 
received  in  (s,t),  and 

U/(0)  =  the  marginal  utility  of  current  consumption  to  the 
itn  investor. 

The  notation  Z^    denotes  summation  over  all  states  and  all  time  periods 

s,t 
from  t  =  1  to  t  =  T. 

A  necessary  condition  for  equilibrium  is  that  each  investor 
maximizes  the  expected  utility  of  his  portfolio,  given  the  equilibrium 
security  prices.   Equation  (3)  states  this  condition  formally:   an 
investor's  portfolio  cannot  be  optimal  unless  the  price  of  each 
security  is  at  least  equal  to  the  expected  marginal  utility  associ- 
ated with  a  small  increment  in  his  holdings  of  that  security,  where 

marginal 
the/utility  of  money  in  future  contingencies  is  measured  in  terms 

marginal 
of  the/utility  of  current  consumption.   The  terms  qi(s,t)  indicate 

the  present  value  to  the  itn  investor  of  an  incremental  dollar  of  in- 
come which  will  be  received  only  if  state  (s,t)  occurs.   Similarly, 
the  right  hand  side  of  Eq.  (3)  is  a  measure  of  the  present  value  to 
the  i   investor  of  one  share  of  security  k. 

The  value  of  any  security  depends  on  both  the  scale  and  the  risk 
characteristics  of  its  stream  of  returns.   We  will  adjust  for  the 
scale  of  the  contingent  returns  by  dividing  both  sides  of  Eq.  (3) 

by  S,  =  2-i     R,  (s,t).   To  simplify  notation,  the  row  vectors  Q^  and  X^ 
s,t 
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will  be  defined  as  the  sets  iq^(s^t)  )  and  |  Rjc(s,  t)/Sjc  1  ^  re- 
spectively, written  out  in  vector  form.   Each  vector  contains  one 
element  for  each  state  (s,t).   Equation  (3)  may  now  be  rewritten: 

(4)  Mk  =  £  >   QiXk  . 

Using  this  notation,  the  requirement  for  risk-independence  is: 

<5>  /^AB  SAB  "  /'A  SA  =  /^ABC  SABC  "  /*AC  SAO 

Equations  (3)  and  (4)  are  the  most  general,  and  thus  the  least 
precise,  of  the  valuation  formulas  we  will  consider.   Different 
assumptions  yield  more  powerful  formulas,  of  which  the  following 

1  o 

will  be  useful  here:  J 

1.  If  the  kc   security  is  included  in  the  i1-"  investor's  op- 
timal portfolio,  then  Eqs.  (3)  and  (4)  are  equalities. 

2.  If  short  sales  are  feasible  with  no  margin  requirements, 
then 

(6)  /"k  =  QiXk  > 

for  all  k  and  all  i. 

3.  Let  N  and  M  denote  the  number  of  securities  and  states, 
respectively.   Assume  N  ^  M,  and  that  M  of  the  vectors  X^  are 
linearly  independent.   If  short  sales  are  feasible  with  no  margin 
requirements,  then  the  sets  of  prices   jqj_(s,t)f  will  be  identical 
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for  all  investors,  allowing  substitution  of  a  single  vector  Q  in 
Eq.  (6): 

(7)  /"k  =  Q\'- 

In  this  special  case,  there  is  a  definite  equilibrium  price  for 
each  possible  contingent  return. 

III.   A  PROOF  OF  RISK- INDEPENDENCE 
Analysis  from  a  Single  Investor's  Point  of  View 

We  begin  by  supposing  that  the  i   investor  is  considering 
buying  stock  in  the  firm  considering  the  projects  B  and  C.   If 
neither  project  is  accepted,  he  can  obtain  a  bundle  of  contingent 
returns  <A(s,t)>  for  each  share  bought  —  that  is,  a  bundle  of  re- 
turns with  scale  S^  and  risk  characteristics  described  by  the  vector 
XA.   We  know  that  Eq.  (4)  holds: 

/*A  *  QiXA  . 

Since  there  are  no  physical  interdependencies,  the  bundles  of 
contingent  returns  associated  with  the  decisions  AB,  AC  and  ABC  are, 
respectively,   JA(s,t)  +B(s,t)j,  JA(s,t)  +C(s,t)V  and  JA(s,t)  + 
B(s,t)  +  C(s,t)  /  ,  where  B(s,t)  and  C(s,t)  are  the  incremental  con- 
tingent cash  flows  of  the  projects  B  and  C.   For  decision  AB,  it 
follows  that: 

SAB  XAB  =  SA  XA  +  SB  XB  > 
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and 


(8)  Xab  =  JA  xa  +  Jb  xb  , 

bAB      bAB 


where  S^  =  SA  +  Sg  =  dj      [A(s,t)  +  B(s,t)].   Thus  the  vector  X^ 

s,  t 

which  describes  the  risk  characteristics  of  the  contingent  returns 
)  A(s,t)  +  B(s,t)J   is  a  simple  weighted  average  of  the  vectors 
XA  and  Xb.   The  vectors  Xac  and  Xabc  are  computed  by  the  same  pro- 
cedure. 

Now  consider  the  increment  to  share  value,  from  the  i   investor's 
point  of  view,  if  project  B  is  adopted.   If  project  C  is  not  adopted, 


let    'a  De  tne  change  in  value: 


AV 


AV 


)A  =  QiSABXAB  -  QiSAXA  =  MSA#AB  "  SAXa'], 


A  -  QiSgXg  , 
If  project  C  is  also  adopted, 

AC  =  QiSABCXABC   "  %  SAC  XAC 

=  Qi[sAxA  +  sBxB  +  s^  -  sAxA  -  scxc  ]  ? 

(9)  VJAC=QiSBXB=   V|A- 

Therefore  the  change  in  share  value  associated  with  project  B  does 
not  depend  on  whether  project  C  is  also  accepted.   We  might  say  that 
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projects  B  and  C  are  risk- independent  from  the  point  of  view  of  any 
individual --although  this  does  not  prove  Eq.  (2)  or  Eq.  (5). 

Essentially  the  same  point  can  be  made  in  another  way.   Suppose 
the  itn  investor  holds  the  same  proportion  of  the  outstanding  shares 
of  two  firms.   Either  firm  can  undertake  project  B,  and  the  incre- 
mental contingent  cash  flows  associated  with  B  do  not  depend  on 
which  firm  makes  the  investment.   In  this  case,  B's  value  to  the  in- 
vestor does  not  depend  on  which  firm  accepts  the  project,  regardless 
of  any  differences  in  the  initial  risk  characteristics  of  the  two 
firm's  shares. 

The  Structure  of  Equilibrium  Prices:   A  Special  Case 

These  results  suggest  why  risk  independence  is  plausible,  but 
they  do  not  suffice  as  proof.  Equation  (9)  is  a  statement  about  what 
an  individual  would  pay  for  marginal  amounts  of  different  bundles 
of  contingent  returns.   But  Eqs.  (3)  and  (4)  indicate  that  equili- 
brium does  not,  in  general,  constrain  investors  to  agreement  on 
the  value  of  bundles  of  contingent  returns.   Therefore,  we  cannot 
infer  the  structure  of  equilibrium  stock  prices  from  analysis  of 
the  values  of  securities  to  any  single  investor. 

As  might  be  expected,  risk-independence  is  easy  to  establish 
if  investors  agree  on  the  values  of  contingent  returns—that  is,  in 
the  special  case  for  which  Qt  =  Q,  for  all  i,  so  that  Eq.  (7)  can 
be  used.   Assuming  this,  and  using  Eq.  (8), 


/^ABSAB  -  ASA  =  QtSABX^B  "  SAXa] 
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^hh 


Also, 


/"aBCSABC   "    AcSABC  "  Q[SABCXABC   "   SACXAC] 


Therefore, 


/"absab  "  /Va  "  Abcsabc  "  Acsac  ' 


which  is  Eq.  (5),  a  sufficient  condition  for  risk- independence. 

This  result  could  be  questioned  by  criticizing  the  assumptions 
underlying  it.   It  is  not  true,  for  instance,  that  there  are  as 
many  securities  as  states  of  nature,  or  that  there  are  no  margin  re- 
quirements for  short  sales,  as  use  of  Eq.  (7)  implies.   Neverthe- 
less, if  risk-independence  is  a  necessary  condition  for  equilibrium 
in  this  special  case,  then  we  would  at  least  expect  to  find  a  ten- 
dency toward  the  same  result  in  less  perfect  markets.   Whether  this 
tendency  is  blocked  by  imperfections,  such  as  restrictions  on  short 
selling,  remains  to  be  seen. 

The  Structure  of  Equilibrium  Prices;   General  Case 

From  this  point  on  the  argument  will  be  based  on  the  more  general 
condition  for  equilibrium: 

(4)  /"k  -  QiXk  . 

for  all  i  and  all  k.   The  use  of  Eq.  (4)  is  appropriate  if  short 


15 


sales  are  not  permitted,  and  if  the  number  of  securities  is  less  than 
the  number  of  states.   These  conditions  account  for  the  possible  in- 
equality and  for  the  fact  that  the  vectors  Q^  will  vary  among  investors, 

Eq.  (4)  alone  is  not  sufficient  to  establish  risk-independence. 
We  do  know  from  Eq.  (9)  that 

QitSABXAB"SAXA]  =  QitSABCXABC"SACXAC^ 

and  from  Eq.  (4)  that  /^  >  Q^X^  /^AB  —  ^iXAB  an<*  so  on*   However, 
risk-independence  does  not  follow.   The  stated  conditions  imply  only 
that 

/°ABSAB   "    ASA  ^/^ABC^ABC  "  /'AC^C 

--that  is,  nothing. 

One  more  assumption  will  be  made:   that  there  exist  classes  of 
"equivalent"  securities,  and  that  all  investors  agree  on  which  securi- 
ties belong  to  which  classes.   The  classes  are  so  defined  that,  given 
the  vectors  Qj, 

(10)  Q.X.T  =  Q.X^ 

for  the  "equivalent"  securities  j  and  k,  and  for  all  investors. 
That  is,  if  S:  =  S^,  each  investor  is  indifferent  among  holding  one 
share  of  security  j  and  one  of  k.   If  Sj  jt  S^,  an  investor  would  be 
willing  to  pay  S^/S^  times  as  much  for  k  as  for  j.   Note  that  this  does 
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not  imply  that  all  investors  agree  on  the  value  of  all  securities, 
or  that  an  investor  would  be  willing  to  purchase  (marginal  amounts 
of)  all  securities  at  their  equilibrium  prices. 

This  assumption  has  two  important  consequences.   First,  it  ob- 
viously insures  that  aa  .   =  M,     if  securities  j  and  k  are  equivalent. 
Second,  it  may  constrain  the  relative  prices  of  securities  in  dif- 
ferent classes.   Specifically,  consider  the  security  A  with  a  pat- 
tern of  contingent  returns  described  by  X^  .   Security  A  is  equiva- 
lent to  a  portfolio  of  other  securities.   That  is, 

(id  q^  =  q^' =  QJ  £  y*o\'], 

for  all  i,  where  w.(k)  are  the  weights  required  to  obtain  the  port- 
folio P  which  is  equivalent  to  fl  •   If  Sp  is  the  scale  of  this 

portfolio's  contingent  returns,  and  S^p  is  the  part  of  Sp  due  to 

1  ft 
security  k,  then  w-(k)  =  S  /S    We  assume  w^(k)  >  0  for  all  k. 

If  Eq.  (11)  holds,  then  a  necessary  condition  for  equilibrium  is 

that 


-£., 


(12)       /V  -  £  VV1*  • 

The  proof  is  fairly  simple.   First,  it  is  clear  that  U      cannot  be 


greater  than  *^-»  w^k)**^.   Otherwise,  no  one  would  hold  A 
Suppose,  on  the  other  hand,  that  aa     <  vTa  wa(k)  A'k 
sider  investor  i  who  holds  the  portfolio  Z,  with 


Con- 
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N 

(13)  xz  -  £  M  xk. 

k=l  sz 


For  each  security  included  in  Z,  M     =  Q.X/.   For  the  portfolio  as  a 
whole,  therefore,  we  define 

k=l  bZ        k=l  bZ  ' 

Multiplying  both  sides  by  S„, 

N 
(15)  ^zsz  =  £   QiSkZXk. 

/       k=l 

That  is,  A*z5Z'  tne  total  market  value  of  the  portfolio,  equals  its 
present  value  to  this  investor  at  the  "price"  /Mz. 

Now  the  investor  purchases,  say,  one  hundred  shares  of  /3  ,  ob- 
taining a  set  of  contingent  returns  with  scale  S  A  .   He  sells  S.w.Ck) 

r  P  f 

shares  of  each  security  in  portfolio  Z.   The  result  is  a  new  portfolio 

Z*.   Note  that,  since    A«A<  £    W/jC^OAMc*  ne  has  cash  left  over. 
Barring  short  sales,  these  transactions  are  feasible  only  if 
the  original  portfolio  Z  contains  some  shares  of  all  securities  for 
which  w^(k)  >    0--i.e.,  only  if  we  can  use  securities  from  Z  to  con- 
struct a  portfolio  with  a  pattern  of  contingent  returns  Xp.  We  will 

18 
make  this  assumption. 

The  present  value  to  this  investor  of  the  new  portfolio  Z*  is 
(15)  QiSzXz'*  -  QtS2X£  +  Q^.PC'  -  £  w  (k)Xk'] 

r  k^  r 


17  A 


From  Eq.  (11), 


QitX/-  I    w  (k)Xk']  =  0, 


so  that 


(16)  QiSZXz'*  =  QiSzXz'  . 

it 

This  establishes  that  portfolios  Z  and  Z  are  equally  valuable 

to  this  investor.   But  since  he  can  exchange  Z*  for  Z  and  have  cash 
left  over,  it  will  obviously  pay  hira  to  do  so.   Thus  equilibrium 
cannot  exist  if  A*a<   <J  wa(k)/^ k«   This  completes  the  proof  of 
Eq.  (12). 

Now  we  can  turn  again  to  the  decisions  facing  the  hypothetical 
firm.   Given  the  number  of  states  which  would  have  to  be  included  in 
the  set   l(Sjt)  ?  ,  it  is  extremely  unlikely  that  the  possible  patterns 
of  contingent  returns  X^,  X^g,  X^q   and  X^gQ  would  be  identical  to 
the  patterns  of  other  securities  or  portfolios.   However,  it  would 
not  be  surprising  to  find  that  these  patterns  are  equivalent  to  pat- 
terns  which  investors  can  obtain. 

The  obvious  thing  is  to  distinguish  among  (1)  cases  in  which  in- 
vestors can  obtain  patterns  equivalent  to  X^,  Xg,  and  Xq   by  investing 
in  other  securities,  and  (2)  cases  in  which  they  cannot.   If  case 
(2)  obtains,  Eq.  (12)  does  not  help.   But  in  case  (1)  it  is  suffici- 
ent to  prove  risk-independence. 

If  investors  can  obtain  patterns  of  contingent  returns  equivalent 
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to  XA,    Xg   and  X^.,    then 

QiXA   =   Q.     £     wA(k)Xk'   , 
MA 

tin  QA  =  Qi  &  "B<k)Xk' ' 

«ixc  -  "i  £  uc<k)xk'  • 

kM 

Now  consider  the  patterns  of  contingent  returns  XA,  Xg  and  Xq} 
defined  so  that  XA  =  ^  wA(k)Xk,  Xg  =  ^  Wg(k)Xk  and  x£  =  £  wc(k)Xk. 
Assume  also  that  SA  =  SA,  Sg  =  Sg  and  S'q   =  Sc.   The  reason  for  intro- 
ducing the  new  variables  is  that  if  risk-independence  holds  for  dummy 
projects  with  these  characteristics,  then  it  holds  for  the  actual 
projects  as  well.   To  see  this,  note  that  XA,  Xg  and  Xq   are  equiva- 
lent to  X^j  Xg  and  Xc,  respectively.   Further,  since  XAg  =  A  XA 

s  *  Sab 

+  -JL-   Xg  we  know  that  X^B  and  Xab  are  equivalent.   A  similar  argu- 
bAB 

ment  shows  that  XAC  and  XABC  are  equivalent  to  XA(~.  and  XAg(-.,  respec- 
tively.  That  the  patterns  are  equivalent  insures  that  AA  A  =  /*&, 
M  |  =  >t/g,  and  so  on.   Thus  if  Eq.  (5)  holds  for  the  dummy  projects, 
it  holds  for  the  actual  projects  also. 
From  Eq.  (12),  we  know  that 

/MA=    £>A<k>A-/'A 

(is)  My,  =  <j,wB(kyk  =  /4 

AlsOj  since  we  can  express  X^g  as 
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t*_    _  aA  v*  .  °B   Y* 


^AB 


3AB 


I-  -^2-  X? 
5AB 


(19) 


.z 


sa_ 

SAB 


rk)  +  Is-  WR(k) 


>AB 


vk; 


it  follows  from  Eq.  (12)  that 


/AB   =     S    WAB(k)/<k' 


wAB<k>    =  ^-wA<k)    +|5-«B(k) 


DAB 


5AB 


The   values   of  M  ^q  an<* /'ABC  are   coim?uted   in  the    same  way. 
Therefore, 

(2D  /"  ABSAB   -/4SA  =   SAB  CwAB(k^k   -    SA^wA<k)^k 

■    SB  <JwB(k)/^k 

<22>  /*ABCSABC    "/<ACSAC   =    SABC^wABC(k)/'k    "    SAC  £  "AC0^ 


=    S, 


£wB<ky»; 


It  follows  that 


<23>  /"absa  -  ASa  "/Wabc  -/^acsac- 

Substituting  A*A  for  JH'p^,   /^AB  ^or  /^AB^  etc-j  we  have  Eq.  (5).   This 
proves  that  projects  B  and  C  are  risk-independent. 

In  summary,  we  have  shown  that  if  the  feasible  capital  budgeting 
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decisions  all  yield  dividend  streams  with  risk  characteristics  equiva- 
lent to  those  of  returns  obtainable  via  investment  in  securities,  then 
the  projects  under  consideration  by  the  firm  are  risk-independent. 

A  Corollary  on  Mergers 

The  discussion  of  risk-independence  leads  directly  to  a  proposi- 
tion about  the  value  to  investors  of  mergers  undertaken  for  purposes 
of  diversification.   We  will  show  that  there  is  no  net  benefit  due  to 
diversification  to  the  shareholders  of  the  merged  firms.   Essentially 

the  same  point  has  been  made  by  Professors  Gort  and  Alberts  at  a  re- 

19 
cent  symposium  on  "The  Corporate  Merger."  '   To  the  best  of  my  knowl- 
edge, however,  what  follows  if  the  first  rigorous  proof  of  the  proposi- 
tion. 

Consider  two  firms  J  and  K,  with  bundles  of  aggregate  contingent 
dividends  J  J(s,t)  I  and  J  K(s,t)l  .  We  will  continue  to  assume  that 
the  firms  are  all-equity  financed. 

If  diversification  is  the  only  motive  for  the  merger,  then  X™, 
the  vector  describing  the  risk  characteristics  of  the  combined  firms, 
will  be  given  by 

St       Sk 
(24)  XTIf  =  ~-X,  + 


JK  "  SJK  J   SJK  ** 


where  S  T  =  <_,  J(s.t)  and  S„  =  <,  K(s,t) 
J    s,t  ^   s,t 


It  is  true  that  the  risk  characteristics  of  the  combined  firms  would 

be 
rarely,  if  ever, /those  described  by  XT   in  Eq.  (24).   But  the  differences 

may  not  be  material.   In  any  case,  they  are  not  caused  by  diversification 

20 

per  se,    so  the  net  costs  or  benefits  which  occur  because  of  such 

differences  are  attributable  to  physical  interdependence  between  the 
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operations  of  the  merged  firms,  or  possibly  to  other  causes. 

By  "no  net  benefit  due  to  diversification"  is  meant  that,  if 

Eq.  (24)  holds,  then  the  total  market  value  of  the  two  firms  is  not 

increased  by  the  merger.   That  is, 

(25)  VJK  <  Vj  +  VK, 

where  V™  is  the  total  market  value  of  the  merged  firms '  stock,  and 

V,  and  V,,  are  the  total  market  values  of  the  stock  of  firms  J  and  K, 
J       K 

respectively,  before  announcement  of  the  merger. 

Equation  (2$  can  be  established  by  the  following  argument.   First, 
we  note  from  Eq.  (24)  that  XJK  is  in  the  cone  spanned  by  Xj  and  XK, 
and  thus  that  before  the  merger  investors  can  obtain  portfolios,  or 
segments  of  portfolios,  with  risk  characteristics  Xp  =  XJK  regardless 
of  whether  the  merger  takes  place.   Thus  the  cost  of  obtaining  such 
a  portfolio  is 


(26) 


^■M^  A  +  WK 


If  we  assume  the  patterns  Xj  and  Xj^  are  each  equivalent  to  pat- 
terns obtainable  by  investing  in  other  securities,  then  Eq.  (12)  im- 
plies that  /^*jK  =  VJK/SjK  is  equal  to  /*p.   In  this  case  Eq.  (25) 
holds  with  an  equality.   However,  an  even  more  general  argument  can 
be  made. 

Assume  that  the  patterns  Xj  and  XK  are  not  equivalent  to  patterns 
obtainable  by  other  means,  and  the  prices  of  all  other  securities 

7  9 

are  fixed.     Suppose  the  merger  is  imposed  on  an  existing  equilibrium 
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of  security  markets,  and  that  Mj^  =    M^,    where  M^   is  calculated  from 
Eq.  (26).   The  total  market  value  of  the  firm  can  exceed  Vj  +  V^ 
only  if  there  is  an  excess  demand  for  securities  of  the  merged  firms 
at  this  price.   Since  the  merger  is  the  only  change  imposed  on  the 
pre-merger  equilibrium,  any  excess  demand  can  come  only  from  investors 
already  holding  the  stock  of  J,  K,  or  both.   (That  is,  any  demand 
for  bundles  of  returns  with  risk  characteristics  Xj„  at  the  "price" 
A*jK  is  expressed  by  purchases  of  securities  J  and  K  prior  to  the 
merger.) 

It  is  clear  that  the  expected  utility  associated  with  these  in- 
vestors ■  portfolios  cannot  be  increased  by  the  merger.   Otherwise 
they  would  have  had  an  incentive  to  purchase  additional  shares  of  the 
stock  of  J  and  K  beforehand,  which  contradicts  the  assumption  of  equil- 
ibrium.  At  the  margin,  therefore,  the  value  to  these  investors  of  the 
stock  of  the  merged  firms  must  be  less  than  or  equal  to  the  "price" 
/W  Formally,  this  can  be  expressed  by  writing 

(27)  /MJK  =  Jr5  £    QiXJK, 

which  is  simply  a  restatement  of  the  necessary  conditions  for  the  i 
investor's  equilibrium,  as  expressed  by  Eq.  (3).   If  Eq.  (27)  holds 
with  an  equality  for  an  investor,  then  his  portfolio  will  be  optimal 
both  before  and  after  the  merger.   Such  an  investor  can  contribute 
nothing  to  any  excess  demand.   On  the  other  hand,  /*jk  may  be 
greater  than  the  right  hand  side  of  Eq.  (27)  for  other  investors, 
who  can  increase  the  expected  utility  of  their  portfolios  by  selling 
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(at  least)  marginal  amounts  of  the  stock  of  the  merged  firm.   At  the 

assumed  price,  they  will  contribute  to  the  excess  supply  of  this  stock. 

Since  there  cannot  be  any  excess  demand  for  the  stock  of  the  merged 

firm  if  VT„  =  VT  +  V„,  but  there  may  be  excess  supply,  the  equilibrium 
JK     J     Is. 

price  of  the  merged  firm  is  at  most  equal  to  V,  +  V  . 

Comments  and  Qualifications 

The  remainder  of  this  section  is  further  comment  on  the  nature 
of  the  formal  argument  used  to  establish  risk-independence.   The  com- 
ments are  introduced  by  considering  possible  objections. 

For  example,  one  could  ask  whether  a  partial  equilibrium  frame- 
work is  really  appropriate.   In  particular,  is  it  reasonable  to  say 
that  investors'  evaluations  of  contingent  returns,  as  measured  by 
the  vectors  Q.,  are  independent  of  the  firm's  capital  budgeting  de- 
cision? 

Admittedly,  it  might  not  be  reasonable  if  a  firm's  decisions 
forced  its  shareholders  to  accept  large  changes  in  the  bundles  of  con- 
tingent returns  yielded  by  their  portfolios.   Unfortunately,  it  is 
not  possible  to  give  a  specific  answer  to  the  question,  "How  large  is 
too  large?"  But  note  that  the  impact  of  an  investment  program  that 

looks  large  to  the  corporate  treasurer  is  diluted  by  several  factors. 

24 
First,  to  the  extent  that  the  investment  program  is  anticipated   by 

or  risk  characteristics 

investors,  its  impact  on  their  assessments  of  the  scale/ of  the  firm's 

contingent  dividends  will  be  slight.   Systematic  replacement  of  ob- 
solescent plant  and  equipment  usually  prompts  little  comment  among 

25 
investors,  even  if  the  amounts  involved  are  substantial. 
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A  second  factor  diluting  the  impact  of  a  firm's  capital  budget- 
ing decision  is  the  fact  that  most  investors  hold  diversified  port- 
folios, so  that  a  given  change  in  the  bundle  of  contingent  dividends 
a  firm  may  pay  will  have  a  much  smaller  proportional  effect  on  con- 
tingent portfolio  returns.    Moreover,  even  a  non-diversified  share- 
holder has  the  option  of  diversifying  if  the  firm's  capital  budget- 
ing decision  puts  him  in  an  uncomfortable  position.   As  long  as 
share  price  does  not  decline,  he  is  as  well  or  better  off.   But 
since  share  price  is,  in  turn,  related  to  all  investor's  demands, 
the  fact  that  some  portfolios  are  not  diversified  does  not  make  a 
partial  equilibrium  framework  inappropriate. 

In  short,  a  partial  equilibrium  framework  may  not  be  appropri- 
ate if  (1)  projects  are  large  compared  to  the  value  of  the  firm's 
existing  assets,  (2)  the  scale  and/or  risk  characteristics  of  the 
projects'  incremental  cash  flows  are  unanticipated,  (3)  the  firm's 
shareholders  do  not  hold  diversified  portfolios,  and  (4)  the  share- 
holders  are  "locked  in"  to  their  holdings.     These  conditions 

are  plausible,  perhaps,  for  proprietorships  or  small,  closely-held 

27 
corporations,  but  they  are  not  so  for  most  publicly  owned  firms. 

Essentially  the  same  point  can  be  made  by  noting  that  the  vector 

q.  reflects  the  investor's  choice  of  a  portfolio  among  thousands  of 

available  securities;  it  thus  reflects  the  whole  range  of  market  opor- 

tunities.   An  investment  program  which  appears  very  large  in  absolute 

terms  may  still  be  considered  marginal  in  this  market  context. 
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A  second  possible  objection  is  this:  what  if  projects  do  not 
yield  patterns  of  contingent  returns  which  are  equivalent  to  those 
obtainable  by  purchasing  securities?  This  too  is  possible.  But  it 
is  not  clear  that  such  projects  will  be  risk- interdependent  in  any 
systematic  way.  This  situation  makes  it  difficult  to  prove  that  risk- 
independence  holds  precisely.  It  does  not  establish  that  the  con- 
verse hypothesis  holds  in  any  meaningful  sense. 

Actually,  assuming  that  projects  have  risk  characteristics  equi- 
valent to  (portfolios  of  )  securities  does  not  appear  to  be  implausi- 
ble for  most  practical  purposes.   In  order  to  find  a  project  violating 
this  assumption,  it  would  not  be  sufficient  to  find  one  with,  say,  a 
higher  variance  than  the  projects  a  firm  usually  considers.   Nor  would 
it  necessarily  suffice  to  create  a  new  product  line  or  even  a  new  in- 
dustry.  It  would  not  be  surprising  to  find  that  investors  are  indif- 
ferent among  these  projects'  risk  characteristics  and  those  of  some 
existing  securities. 

Many  other  assumptions  are  required  to  prove  that  risk-independence 
holds  precisely,  few  of  which  are  "realistic"  (the  reader  of  any 
scholarly  journal  would  be  unrealistic  if  he  expected  them  to  be). 
Again,  it  is  not  apparent  that  the  violation  of  any  of  these  assumptions 
would  lead  to  systematic  risk-interdependence. 

IV.   CONCLUSIONS 
In  this  paper  I  have  argued  that  risk-independence  is  a  necessary 
consequence  of  the  equilibrium  of  security  markets  under  uncertainty. 
This  prediction  may  not  prove  to  be  correct,  despite  the  strong  theo- 
retical case  that  can  be  made  for  it.   But  the  possibile  implications 
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for  financial  management  should  be  clear. 

From  the  point  of  view  of  the  firm  which  attempts  to  maximize  its 
stock's  market  value,  risk- independence  implies  that  each  investment 
project  can  be  evaluated  independently  of  the  firm's  other  activities. 
This,  of  course,  presumes  that  projects  are  physically  independent, 
and  that  no  other  interdependencies  are  introduced  by  considerations 
such  as  capital  rationing.   Barring  this  sort  of  interrelationship 
--which  admittedly  poses  important  theoretical  and  practical  problems 
--the  optimal  investment  decision  of  the  firm  does  not  require  com- 
plex decision  procedures  of  the  sort  used  in  portfolio  analysis. 

It  should  be  emphasized  that  risk-independence  is  perfectly  con- 
sistent with  the  proposition  that  the  value  of  a  project  depends  on 
the  covariances  of  its  returns  with  returns  on  other  investment  oppor- 
tunities.  What  is  implied  is  that  the  relevant  "investment  opportuni- 
ties" are  those  facing  the  investor--i.e. ,  the  securities  the  investor 
can  purchase.   Risk-independence  breaks  down  only  if  the  risk  charac- 
teristics of  the  firm's  investment  opportunities  are  not  equivalent 
to  those  provided  by  securities. 

Regardless  of  the  plausibility  of  risk-independence  on  a  theoret- 
ical level,  a  substantial  empirical  task  remains.   There  is  not  only 
the  specific  question  of  whether  projects  can  be  considered  risk- 
independent,  but  also  the  more  general  problem  of  determining  the 
actual  relationship  between  a  security's  risk  characteristics  and  its 
market  value.   It  is  only  prudent  to  anticipate  a  long  wait  before 
these  questions  are  answered  conclusively.   In  the  meantime,  I  hope 
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this  paper  prompts  rethinking  of  the  theory  of  capital  budgeting 
under  uncertainty. 
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Stanford  University,  in  1967.   I  am  indebted  for  good  advice  and 
apt  suggestions  to  my  dissertation  committee,  Professors  Alexander 
Robichek,  Gert  von  der  Linde  and  Ezra  Solomon.   Also,  Professor 
Kenneth  Arrow  was  kind  enough  to  read  and  comment  on  the  entire 
dissertation.   I  wish  also  to  thank  Jack  Hirshleifer,  Avraham  Beja 
and  Peter  Diamond  for  helpful  comments. 

This  research  was  largely  supported  by  a  Ford  Foundation 
Doctoral  Fellowship.   Neither  the  Ford  Foundation  nor  the  persons 
cited  above  are  responsible  for  my  opinions  or  mistakes. 


2.    Assistant  Professor  of  Finance,  Sloan  School  of  Management, 
Massachusetts  Institute  of  Technology. 


3.    Robichek  and  Myers  [16]  point  out  that  use  of  a  variable  discount 
rate  is  not  always  appropriate.   A  more  general  procedure  is  to 
discount  the  certainty  equivalents  of  expected  returns  at  a  risk- 
less  interest  rate.   The  main  point  of  this  paper  follows  regard- 
less of  how  NPV  is  calculated,  however,  so  I  have  used  the  more 
familiar  procedure  exclusively. 


4.  Lintner  [7],  p.  65.   The  italics  are  mine.   See  also  his  articles 
[8]   [9]  and  Weingartner  [20],  pp.  499-504,  esp.  p.  503. 

5.  For  example,  Van  Home  [19],  Lintner  [8]   [9],  Quirin  [15]  and 
Weingartner  [20], 


6.  The  difficulties  are  surveyed  in  my  dissertation  [13],  pp.  38-44. 

7.  Equation  (2)  also  implies  that  P^q  -  P^  =  P^bc  "  ^AB* 


8.    Note  that  this  rules  out  mutually  exclusive  projects,  and  assumes 
that  capital  is  not  rationed.   There  is  no  doubt  that  these  and 
other  types  of  physical  interdependencies  are  often  important  in 
practice.   For  a  survey  of  work  on  these  problems,  see  Weingartner 
[20]. 


Myers  [14],   This  paper  and  my  dissertation  [13]  are  extensions  of 
a  model  proposed  by  Arrow  [2]  and  developed  by  Hirshleifer  [5]   [6] 
and  Debreu  [3]. 
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10.   The  horizon  t  =  T  is  introduced  for  analytical  convenience. 

Any  errors  due  to  not  considering  events  subsequent  to  the  hori- 
zon may  be  considered  negligible  if  the  horizon  is  far  enough 
distant  in  time. 


11.   This  way  of  defining  "risk  characteristic"  is  developed  further 
in  Robichek  and  Myers  [18], 


12.  The  proof  is  given  in  Myers  [14]  . 

13.  See  Myers  [14]  . 

14.  The_  following  proofs  require  only  that  Eq.  (10)  holds  at  the 
margin.   It  is  not  assumed  that  securities  in  an  equivalent 
class  are  perfect  substitutes  in  all  situations.   This  is  in 
contrast  to  the  "equivalent  return"  classes  postulated  by 
Modigliani  and  Miller  [12].   Further,  Eq.  (10)  does  not  imply 
that  returns  on  securities  j  and  k  are  perfectly  correlated, 
nor  does  it  require  a  classification  of  securities  by  industry 
groupings. 

However,  adopting  the  weaker  concept  of  equivalence  defined  by 
Eq.  (10)  does  not  change  Modigliani  and  Miller's  conclusions  re- 
garding optimal  capital  structure  for  corporations.   See 
Robichek  and  Myers  [17]. 


15.   The  assumption  that  investors  agree  on  which  securities  belong 
to  which  classes  is  a  necessary  consequence  of  equilibrium  if 
there  are  no  margin  requirements  for  short  selling.   In  this 
case,  Eq.  (10)  follows  directly  from  Eq.  (6).   I  wish  to  thank 
Peter  Diamond  for  pointing  this  out. 


16.   Thus  short  sales  and  borrowing  are  ruled  out.   This  is  not  restrictive 
—the  following  proof  is  not  changed  significantly  if  negative  weights 
are  allowed. 


17.   It  seems  reasonable  to  ignore  transaction  costs  at  the  present 
level  of  abstraction. 


18.   It  is  not  as  restrictive  as  it  looks,  since  there  may  be  other  port- 
folios which  also  satisfy  Eq.  (11).   For  example,  suppose  that 
Wtf(k)  >  0,  but  that  security  j  is  in  the  same  class  as  k.   Then 
j  could  be  substituted  for  k  to  form  a  new  portfolio  which  would 
also  be  equivalent  to  a  .   Any  combination  of  securities  j  and  k 
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still 
is  equally  acceptable.   Moreover, /other  substitutions  may  be 
possible.   The  conclusion  is  that  Eq.  (11)  may  hold  for  many 
different  bundles  of  securities.   The  proof  of  Eq.  (12)  re- 
quires only  that  one  of  these  bundles  is  a  subset  of  a  portfolio 
Z  held  by  some  investor. 


19.  Gort  [4]  and  Alberts  [1]. 

20.  It  should  be  clear  that  the  term  "diversification"  is  defined 
more  restrictively  here  than  in  common  usage. 


21.   Diversification  and  the  associated  smoothing  of  the  firm's  cash 
flows  might  allow  economies  in  f inane ing- -e.g. ,  the  reduction 
of  transaction  costs  if  fewer  financing  operations  are  required. 
Also,  a  large  firm  may  be  better  able  to  evade  the  effects  of 
capital  market  inperfections. 


22.   If  other  prices  vary,  then  we  face  a  problem  of  dynamics  for 

which  the  present  model  is  unsuited.   But  I  have  not  been  able 
to  conceive  of  any  dynamic  mechanism  which  systematically  con- 
travenes the  results  presented  here.   Certainly  the  arguments 
used  to  justify  applying  portfolio  analysis  techniques  to 
capital  budgeting  problems  assume  a  static  framework. 


23.   Avraham  Beja  has  pointed  out  that  a  merger  undertaken  to  diversify 
will  usually  reduce  the  welfare  of  investors,  as  judged  by  the 
criterion  of  Pareto  optimality.   This  follows  because  no  investors 
can  be  made  better  off,  but  some  are  likely  to  be  worse  off. 


24.   That  is,  to  the  extent  it  is  consistent  with  the  strategy  that 
investors  expect  the  firm  to  follow. 


25.   The  decision  not  to  replace  would  probably  have  a  much  greater 
impact--note  footnote  24  above. 


26.   For  example,  shareholders  may  become  "locked  in"  if  they  would 
incur  a  capital  gain  tax  by  selling  out. 


27.   Perhaps  it  is  ironic  that  such  firms  are  the  most  likely  customers 
for  portfolio  analysis  techniques  for  use  in  capital  budgeting. 
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